In past decades, considerable advances have been achieved in micro and nanomotors. Particular attention has been given to self-propelled catalytic micromotors, which have been widely used in cell separation, drug delivery, microsurgery, lithography and environmental remediation. Fast moving, long life micromotors appear regularly, however it seems there are no solutions yet that thoroughly clarify the hydrodynamic behavior of catalytic micromotors moving in fluid. Dynamic behavior of this kind of micromotors is mainly determined by the driving force and drag force acting on the micromotors. Based on the hydromechanics theory, a hydrodynamic model is established to predict the drag force for a conical micromotor immersed in the flow field. By using the computational fluid dynamics software Fluent 18.0 (ANSYS), the drag force and the drag coefficient of different conical micromotors are calculated. A mathematical model was proposed to describe the relationship among Reynolds numbers Re, the ratio λ, the semi-cone angle δ and the drag coefficient C d of the micromotors. This work provides theoretical support and reference for optimizing the design and development of conical micromotors.
Introduction
Micromotors with good potential in the medical and biological fields have been developed for decades. Efficient and fast micromotors can be applied to environmental chemistry [1] [2] [3] [4] , drug delivery [5] [6] [7] , microsurgery [8, 9] and cell separation [10, 11] . In order to improve the efficiency and velocity of micromotors, various geometries of micromotors with their propulsion mechanisms have been proposed. Bubble-propelled catalytic microjets, which convert chemical energy into kinetic energy, display high speed and efficiency [12] [13] [14] . Based on Li's experiments [15] , conical micromotors have higher propulsion efficiency than other motors, including Janus microspheres [16] [17] [18] [19] , rod micromotors [20] [21] [22] [23] , nanowires [24] , nanoshell micromotors [25, 26] and self-assembly micro/nanomotors [16, 27] . A remarkable speed of over 1400 body lengths per second for a tubular nanomotor has been gained by Wang's group [28] . For bubble-driven tubular micromotors, there are two kinds of forces influencing the movement of micromotors. One is the driving force produced by bubbles and flow field, and the other one is drag force caused by viscosity and pressure of the flow field. The velocity of the micromotor is determined by the balance of the driving force and the drag force [29, 30] . According to fluid mechanics theory, fluid resistance of micromotors consists of two parts: Fluid pressure and the flow field viscous resistance. When the Reynolds number is low, the viscous force, caused by the shearing motion of the fluid, plays a major part in drag force [31] . The instantaneous velocity of a microjet changes constantly due to the bubble growing, ejecting and bursting [32] . Nonetheless, for the micromotor motion process, the average velocity can be introduced to evaluate the micromotor speed [33, 34] . Therefore, the average velocity of micromotors is used to calculate the drag force. Fluid resistance is dependent upon the physical properties of fluids, geometric parameters of micromotors [35] and the motion of fluids. The original form of drag force on the ellipsoid was first proposed by Cox [36] . The drag force equations including F drag = 2πµLv ln(L/R) − 0.72 [29, 37] and F drag = 2πµLv ln(L/R) − 0.5 [13] are applicable to calculate the drag force on a circular cylinder of finite length and a long spheroid. If the relative motion is along the axis of symmetry, the drag force is given by F drag = 2πµLv ln(L/R) − 0.81 [36] . A corrected drag force formula was proposed by Li et al. [15] . Complex shape correction parameters are introduced to describe the drag force of conical micromotors as F drag = 2πµLv ln(L/R) + C 1 [38] based on the drag force equations mentioned above. All the modified formulas are used to determine the drag force on the tubular micromotors. There is a problem however, as whilst these formulas confirm the drag force on solid ellipsoid, cylinder or cone frustum, the tubular micromotor designs with a hollow construction adds a complication. The inner surface of the tubular micromotor makes contact with the fluid, meaning that the drag force from the inner surface can't be neglected.
To study the drag force of conical micromotors, the hydrodynamics theory is applied to the drag force calculation. Navier-Stokes equations and the continuity equation are established for the surrounding flow field [39] . The fluid flows from the front of the micromotor, which simulates the movement of the micromotor at the average velocity. The ANSYS Fluent solver is used to execute computational fluid dynamic (CFD) simulations and calculate the drag force [40] . For the CFD solution, the SIMPLE scheme was used with central spatial differencing [41] . An unstructured mesh was used for all simulations and mesh independence studies were carried out to ensure that the final CFD solution was free of mesh resolution errors [42] . This paper aims to investigate the drag force of conical micromotors, of different geometries, at different average velocities. By using the normalization method, we try to build a dynamic relationship among dimensionless quantities, including the drag coefficient, Reynolds number, semi-cone angle and the rate of length to a larger radius.
Theory and Method
When referring to the fluid field, there is an important dimensionless parameter, the Reynolds number (Re), which can be used to predict flow patterns in different fluid flow situations. The Reynolds number is the ratio of inertial forces to viscous forces. It can be defined as R e = ρvD/µ. Here, ρ is the density of the fluid, v indicates the average velocity of a micromotor, D = 2R max is the larger diameter of the micromotor as shown in Figure 1a and µ is the dynamic viscosity of the fluid.
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Here, ρ is the density of the fluid, v indicates the average velocity of a micromotor, D = 2Rmax is the larger diameter of the micromotor as shown in Figure 1a and μ is the dynamic viscosity of the fluid. In this paper, the micromotor moves at a very low Reynolds number since the size of the micromotor is so small. Thus, the viscous resistance is remarkable, which causes a drag force being applied to the micromotor as it moves in the fluid. At a low Reynolds number, the drag force of the micromotor is caused by fluid pressure and viscous resistance. In this paper, the micromotor moves at a very low Reynolds number since the size of the micromotor is so small. Thus, the viscous resistance is remarkable, which causes a drag force being applied to the micromotor as it moves in the fluid. At a low Reynolds number, the drag force of the micromotor is caused by fluid pressure and viscous resistance.
Based on the movement of conical micromotors, a rectangular coordinate system is established. The X-axis is along the length of the micromotor. The parameters L, δ, R max and V ∞ denote the length, the semi-cone angle, the larger radius of the micromotor and the fluid velocity distance from the micromotor. A cylindrical coordinate system (r, θ, x) is built according to the existing Cartesian coordinate system.
As shown in Figure 1 , the azimuthal velocity is negligible in cylindrical coordinates, V θ = 0. According to the Navier-Stokes and general continuum equations, the relationship between the pressure and velocity of fluid around the micromotor can be described as:
where V r is the speed of the flow field in the r direction, V x is the speed of the flow field in the x direction, µ is the dynamic viscosity of fluid and P is the pressure of the fluid. As the Reynolds number is relatively low, the inertial force and gravity of fluid can be neglected.
The surface of a micromotor is assumed to be a no-slip boundary, and therefore the velocity of fluid satisfies the boundary conditions:
Meanwhile, the fluid velocity at infinity can be written as:
According to the constitutive equation of fluid, the pressure distribution can be gained from velocity distribution of fluid:
The drag force F drag can be obtained by integrating pressure distributions at the surface of the micromotor:
where Ω is the surface of the micromotor. The thickness of the micromotor is ignored since it is much smaller than the characteristic diameter. In fluid dynamics, the dimensionless drag coefficient can be defined as:
The reference area A is the frontal area of a micromotor on a plane, perpendicular to the flow direction, which is expressed as:
An important feature of the drag coefficient is that it contains a series of dimensionless parameters, including the Reynolds number Re, the ratio of length to a larger radius λ and a semi-cone angle δ. The Navier-Stokes equation used here has no analytical solution as nonlinear terms exist. So, the numerical method is applied to solve the differential equations. We calculate the drag force of the micromotor in x direction using the Fluent numerical calculation software.
The computational domain and boundary conditions used in Fluent are shown in Figure 2 . The left side is the velocity inlet boundary, the right side is the pressure outlet boundary, other sides are all wall boundaries. The micromotor was immersed in fluid. The density of the fluid is 998.2 kg/m 3 , the dynamic viscosity is 1.003 mPa·s. The laminar flow model was chosen as the Reynolds number is within a small range.
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(a) (b) 
Calculation Results for Different Numerical Models
The calculation results of a drag coefficient for conical micromotors at different Reynolds numbers ranging from 4 × 10 −4 to 2 × 10 −2 are presented below. As shown in Figure 4a , the drag force of a conical micromotor increases with the increase of the Reynolds number. In this case, the Reynolds number is especially low (Re ≤ 1), so laminar flow occurs, and is characterized by smooth, constant fluid motion. The definition of the Reynolds number generally includes the fluid properties of density and viscosity, plus a velocity and characteristic length. When the fluid is chosen, the density and viscosity of fluid is fixed. So, the Reynolds number is proportional to velocity. As shown in Figure 4a , the increase of the Reynolds number is equal to the increase of velocity, so the drag force on micromotor is proportional to the velocity, with no change to the geometry of the micromotor. This relationship can be justified by the Stokes Law [43] . When the Reynolds number is low, the drag force is approximately proportional to velocity and can be expressed in the form F drag ∝ v. For a larger Reynolds number, the drag force is approximately proportional to the square of the velocity, F drag ∝ v 2 . On the contrary, as pointed out in Figure 4b , the drag coefficient decreases as the Reynolds number increases. From Equation (6), it can be inferred that the drag coefficient is inversely proportional to the velocity. Thus, the drag coefficient decreases when the Reynolds number increases as shown in Figure 4b . The results highlight the different dependencies on the Reynolds number between the drag force and the drag coefficient.
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Similarly, Figure 6 presents results for the different ratios of length to larger radius, ranging from 4 to 10. Both the drag force and drag coefficient for conical micromotors decrease with the ratio increase. In addition, the decreasing trends become smaller for both drag force and drag coefficient. When the ratio increases from 4 to 10, the larger radius decreases. The velocity increases (40-100 μm/s) in order to make the Reynolds number fixed. At the same time, the surface area decreases as the larger radius decreases. The drag force decreases with the decrease of the larger radius and the velocity increase. From the conclusion gained in Figure 4a , the drag force on a micromotor increases when the velocity increases (100-5000 μm/s) with no change to the micromotor geometry. By contrast, the drag force is more sensitive to geometry than velocity when in a low velocity range. Thus, more attention should be paid to the geometry design in order to get more efficient micromotors in this velocity range.
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According to the results, the drag coefficient of a micromotor decreases nonlinearly, along with the increase of the Reynolds number, semi-cone angle and the rate of length to larger radius. These figures demonstrate how geometry and flow field influence the drag force acting on the micromotors. Obviously, the drag coefficient and geometric parameters are nonlinear relationships. And the parameters such as λ, δ and Re are coupled with each other. Through a data-fitting method and analysis, a certain relationship among dimensionless quantities can be obtained. Similarly, Figure 6 presents results for the different ratios of length to larger radius, ranging from 4 to 10. Both the drag force and drag coefficient for conical micromotors decrease with the ratio increase. In addition, the decreasing trends become smaller for both drag force and drag coefficient. When the ratio increases from 4 to 10, the larger radius decreases. The velocity increases (40-100 µm/s) in order to make the Reynolds number fixed. At the same time, the surface area decreases as the larger radius decreases. The drag force decreases with the decrease of the larger radius and the velocity increase. From the conclusion gained in Figure 4a , the drag force on a micromotor increases when the velocity increases (100-5000 µm/s) with no change to the micromotor geometry. By contrast, the drag force is more sensitive to geometry than velocity when in a low velocity range. Thus, more attention should be paid to the geometry design in order to get more efficient micromotors in this velocity range. Similarly, Figure 6 presents results for the different ratios of length to larger radius, ranging from 4 to 10. Both the drag force and drag coefficient for conical micromotors decrease with the ratio increase. In addition, the decreasing trends become smaller for both drag force and drag coefficient. When the ratio increases from 4 to 10, the larger radius decreases. The velocity increases (40-100 μm/s) in order to make the Reynolds number fixed. At the same time, the surface area decreases as the larger radius decreases. The drag force decreases with the decrease of the larger radius and the velocity increase. From the conclusion gained in Figure 4a , the drag force on a micromotor increases when the velocity increases (100-5000 μm/s) with no change to the micromotor geometry. By contrast, the drag force is more sensitive to geometry than velocity when in a low velocity range. Thus, more attention should be paid to the geometry design in order to get more efficient micromotors in this velocity range.
According to the results, the drag coefficient of a micromotor decreases nonlinearly, along with the increase of the Reynolds number, semi-cone angle and the rate of length to larger radius. These figures demonstrate how geometry and flow field influence the drag force acting on the micromotors. Obviously, the drag coefficient and geometric parameters are nonlinear relationships. And the parameters such as λ, δ and Re are coupled with each other. Through a data-fitting method and analysis, a certain relationship among dimensionless quantities can be obtained. According to the results, the drag coefficient of a micromotor decreases nonlinearly, along with the increase of the Reynolds number, semi-cone angle and the rate of length to larger radius. These figures demonstrate how geometry and flow field influence the drag force acting on the micromotors. Obviously, the drag coefficient and geometric parameters are nonlinear relationships. And the parameters such as λ, δ and Re are coupled with each other. Through a data-fitting method and analysis, a certain relationship among dimensionless quantities can be obtained.
Numerical Relationship
The drag force is closely related to the geometry of tubular micromotors [13] . In order to explore a satisfactory understanding of the relationship between dimensionless quantities, it is necessary to analyze the data obtained using Fluent software. The numerical fitting method is applied to the calculation data.
Influence factors, including the Reynolds number, semi-cone angle and the rate of length to the larger radius, were discussed in the last section. The relationship between dimensionless quantities and the drag coefficients Re, tanδ and λ, have been proposed. Results in Figure 4a show that the drag force is linearly related to the Reynolds number. Data show that the drag coefficient is inversely related to the Reynolds number. In addition, the drag force increases linearly along with the increase of the semi-cone angle. Therefore, the relationship between dimensionless quantities is as:
where K(λ) and b(λ) are the functions of the ratio of length to a larger radius λ. Based on the decreasing trend of drag force and drag coefficient with the ratio λ in Figure 6 , the expressions of K(λ) and b(λ) are assumed as:
By combining Equations (8) and (9), the drag coefficient is obtained:
where α, β, γ, ξ and ζ are parameters fitted by the nonlinear relationship between the drag coefficient and the ratio. The fitting data are listed in Table 1 . Correspondingly, Figure 7 gives the numerical fitting results of dimensionless quantities based on Equation (10) . These results agree with data gained using Fluent.
To estimate the fitting parameter accuracy, the dimensionless root mean square error is calculated as seen in Equation (11)
where ε ij denotes the individual fitting error, i denotes the abscissa data point in each curve, j refers to the different influence factors: j = 1,2,3 corresponds with the Reynolds number Re, semi-cone angle tanδ and the ratio of length to a larger radius λ, respectively. N j is the number of data points for each curve. X D ij represents the simulation results at the i-th abscissa point and for the j-th influence factor using Fluent software. In addition, X F ij indicates the fitting result corresponding to the i-th abscissa point and for the j-th influence factor from the fitted curve. According to the data calculated using Fluent, the following values for N j can be easily given as: N 1 = 10, N 2 = 7, N 3 = 4. To estimate the fitting parameter accuracy, the dimensionless root mean square error is calculated as seen in Equation (11)
where denotes the individual fitting error, i denotes the abscissa data point in each curve, j refers to the different influence factors: j = 1,2,3 corresponds with the Reynolds number Re, semi-cone angle tanδ and the ratio of length to a larger radius λ, respectively. Nj is the number of data points for each curve.
represents the simulation results at the i-th abscissa point and for the j-th influence factor using Fluent software. In addition, indicates the fitting result corresponding to the i-th abscissa point and for the j-th influence factor from the fitted curve. According to the data calculated using Fluent, the following values for Nj can be easily given as: N1 = 10, N2 = 7, N3 = 4.
Furthermore, the global fitting error follows:
The individual fitting errors are listed in Table 2 . In addition, the global fitting error is 0.0745. Furthermore, the global fitting error follows:
The individual fitting errors are listed in Table 2 . In addition, the global fitting error is 0.0745. According to the numerical fitting results, the drag coefficient is inversely related to the Reynolds number, as shown in Figure 7a . Figure 7b gives the relationship between the drag coefficient C d and δ with the same Reynolds number and ratio. Although the drag force increases as the semi-cone angle δ increases, the drag coefficient nonlinearly decreases. The reason is that the characteristic area of the micromotor increases with the increase of semi-cone angle. Figure 7c illustrates the effect of the ratio λ on the drag coefficient Cd for conical micromotors. The drag coefficient nonlinearly decreases as the ratio λ increases. Thus, the drag force can be calculated by the formula below:
Although simplifications are used, the CFD simulations and the fitting of the data add a small degree of possible variability to the results [44, 45] . This model can still be used to predict the drag force of conical micromotors immersed in the fluid field. It also shows that the drag force is only influenced by the micromotor geometry, and the velocity and viscosity of fluid.
Conclusions
Based on a simplified motion of conical micromotors, a representative mathematical model was constructed. A numerical method was introduced to solve inhomogeneous partial differential equations. Results calculated using numerical software, show that the drag force increases linearly with the increase of the Reynolds number. However, the drag coefficient decreases nonlinearly as the Reynolds number increases. Meanwhile, the drag force decreases linearly with the increase of the semi-cone angle δ, while the drag coefficient decreases nonlinearly. Furthermore, both the drag force and the drag coefficient decrease nonlinearly with the increase of the ratio λ.
In summary, a numerical model used to describe the relationship between dimensionless quantities, including C d , Re, δ and λ, has been built. According to the results above, they agree with the numerical results produced using Fluent. The aim of our work was to reduce the drag force and increase the velocity of conical micromotors by optimizing the geometry of motors. Based on the numerical results, the drive efficiency can be improved by increasing the semi-cone angle δ and the ratio λ at the same Reynolds number. The drag force increases with the increase of the Reynolds number. That is to say, as the speed of conical micromotors rises, the drag force also increases. Greater driving force is required to overcome the drag force at the high-speed movement of conical micromotors. Samples have been made, and further experiments on tubular micromotor drag force will be conducted in the future. 
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